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Statistical variations of photon number



(An)? = (7%) — (A)*



Fluctuations of the number operator :

(An)? = (N2) — (W)’ N =ata

Sincel xn

(N) > I
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Fluctuations of photon number : (AD? =(I%) -

( (AD?*>0 Super—Poissonian  m—) Classical "chaotic light', black-body radiation
certain kinds of quantum light
2 j— N . .
(An)* = <N> T 9 (AD?*=0 Poissonian ——> Coherent “Laser’ light
\ (AD?* <0 Sub—Poissonian E—) Requires “quantum’ light
P (n) .
A fl
erma Black-body: Py (n) = —(—
Thermal ‘Black-body’ radiation: (AI)?=n _TI:/ 1 E\\Pmsm el ("+1)
: . N 5 ano
Poissonian ‘laser’ light: (A== POISSON © Pogicc(n) = —e o7l
Number state light: (AD?*= —

(i,e. An = 0)



Photon Correlations



Michaelson stellar interferometry

Q—

Starlight

S E B B

2 Interference
pattern

Interference fringes allow to determine angula size of the star

Drawbacks :

* Length of d is limited
« Sensitive to atmospheric disturbances



Mach-Zhender interferometer simulates the stellar interferometer physics

1
()= Jim = | Ford

We ignore the space time—-dependence, y, until we need it

Let us designate the fields at one of the detectors as : We ignore the operator nature of the field until we need it

EQO) = E,(t) + EaCr) = (ESP + ES) + (S + ES7)

(Gt xa)) = (2 = (B + EO) + (887 + B )H(ES + B) + (B89 + £0)))



Mach-Zhender interferometer measures field correlations

EQ) = (EP +ED) + (ESY + ES)

(1 xa)) = B2 = ({(BSP + BO) + (B8 + EO (B + £O) + (£ + £9)))

= <E§+)E§+)> + <E§+)E§‘)> + <E§+)E§+)> + <E,§+)E0(l_)>
+ <E,§‘)E1§+)> + <E§‘)E§‘)> + <E£‘)E§+)> + <E1([)E(§_)>
+ <E§+)E1S+)> + <E§+)E,§‘)> + <E§+)E§+)> + <E§+)E§‘)>
+ <E§‘)E,,§+)> + <E§‘)E§‘)> + <E§‘)E§+)> + <E§‘)E(§‘)>

All terms in red average to zero over the detection time
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Mach-Zhender signal averages over the field correlations : g(l)

Gt 1) = (VB + (BB + (50RO + (15

- %D,
+ <E§+)EIS_)> + <E(§_)E,§+)> + <E§+)E§‘)> + <E§‘)E§+)> -

=2 (<1u> + g+ (VRS + <E5')E§+)>)

=2 (<1u) (1) + 2Re{<Efj)E§”>}) <E§‘)E§+)> - 6Dy xa)
EE () ()
ol BB el
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Normalized first order correlation function, g¥ , gives us the fringe Visibility, V

Imax - Imin

|g(1)()(u:)(d)| =V =

Imax + Imin

For a Max-Zhender interferometer :

EIS—) — plikry+igy(r)) Ec(l+) —, p(-ikrg—iga(rD)

IV xa)~ <exp (ik (ry — 1) + (P, 1) — a(ry, t)))>

Visibility of interference fringes is affected by the stability of (¢,,(r,, t) — ¢4 (ry, t)) over time

Since the light comes from the same source, we call g an auto-correlation function
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Spatial dependence of g(*) corresponds to autocorrelations in time

<E§‘)E§+)>

9D xa) = 9P 0w xa) <1 ) 4j0),
NAUNIVEY - N
o "n = \AANA/
< £ Ec(i+)> A ,D
v a o ,
9" Ot xa) = > {exp(ik(ly — L) + i(dy — $))) A\

VL XIq)

(=) _, ,(ikly+igy(r0))
or <exp <i%(lu - ld) + i(¢u _ ¢d)>> Eu ‘

Ec(l+)_)e(—ikld—iqbd(r,t))

(lu o ld)
C

Difference in path length corresponds to differences in time so , g(l) <r = >,is also termporal auto—correlation

(1) () E-(RE(t+T)) W () — (F*
gV @="a D o 6D (x) = (E*(VE(t + 1))
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Physical significance of g‘¥(t): Fourier transform

o 1 «© - ,
@D (1) = (E* — . E(t =—j dwE (w)e™ @t
GO (1) = (E*(DE(t + 1)) f_ B (DE(t + 1) (t) Nz (w)
= %f dtj da)f do'E*(w) E(w)e wTeiwtg=in't
= %f dw e‘i“”f da)’f?*(a))f?(w’)Joodtei(‘“‘w')t j dteilw-o')t — 218 (w — w")

_ j " do B (0)E (@)eo7

— joodw S(w)e—iwt S(w) = |E((1))|2

S(w) is the power spectrum of the beam

The power spectrum can be measured with

spectrometers and then you deduce g (1)

For a normalized field : g™ (7) = ffooo dw S(w)e™HT from the Fourier transform of S(w)

Perfectly coherent beam : S(w) = §(w — wy)
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Physical significance of gV (t): Wiener-Kintchine theorem

1 © _ 1 0 o0 .
S(w) = —J dr gV (1)el@? = —{J dt + f dr}gm(r)e“‘”
— 00 0

2T ) _ 2T
T——T

1 0 _ oo ) *
=%{ f g (—0)e T d(~1) + fo g(l)(r)e“‘”df} gV (D) = (90 @)

1 ((° NN > :
- %{Lj (9P (@e'?) d(—7) +j0 g(l)(r)e“‘”dw}

1 > (1) lwT
= Re dr gV (1)e Wiener Kintchine theorem
0
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Collisional “broadening” as described by g(l) (1) ¢ ARATARARR

N i o ,
E(t) = EOZ g~ iwot+id; (D) 6D (1) = (E*(DE(t + 1)) e o
j=1
N N N N
G(l)(’[) — |E0|2 z z eiwot—i¢j(t)e—iwo(t+r)+iq§k(t+r) — |E0|Ze—iwor z z ei(¢k(t+r)—¢j(t))
j=1k=1 J=1k=1
. 1 =
When k # j (ilertrm-¢,0)) _ P(7)dr = —e Todt
0
i (& :(t4T) -+ . o0 1 (® _T _T
G(l)(‘[) — |E0|28 leTN< 1]y=161(¢](t+f) ¢j(t))> zel(¢j(t+f)—¢j(t)) =j P(7)dt :T_j e Todr = e %o
. T 0Jr

J=1

1 1

d
[ g () = e—iwore_% ]

1 ©° .
T S(w) = —Re {J dt g(l)(‘[)e“‘”} —
- .

Tom (1)* 5
//}\‘/ = ,/)}\\., (%) + (@ = wo)
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Doppler “broadening” described by g™ (1)

Phases are taken as time independent, but frequencies have thermally distributed Doppler shifts

N
E(t) = E, Z g~ iwjt+id] GO (1) = (E*()E(t + 1))
=
N N N N
G(l)(’[) _ |EO|2 Z Z pl@jt=idj o —iwg(t+D+idy | — |E0|Ze—iwor z Z ei(wj—wk)t+i(¢k—¢j)—iwkr
J=1k=1 j=1k=1
N N N 8%\ 4
= IE[2( ) ) efleradtion) < |52\ ) omtor St
j:l k=1 ]:1
N Re{d )}
. 1 - _(w=wg)? : 1 T
= |Eg|*N z e 'iT) = |E,|?N Jda)e_“‘ne 242 =[|E0|2Ne_‘wofe 774 ] T~c
= AV2m Ui 1
V2
1 © . 1 1(w—wg)? A AT~ —
S(w) =—Re {j dt m(r)e“‘”} = e 2 242 | A
T 0 J AV2m _}_ﬂ/fu‘\;?
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The classical light distributions : g™ (1)

« « Thermal light » (collisional broadening)

» Doppler broadening (incoherent broadening)

« Coherent light (laser)

T ‘/\\\

g(l) ("[) = e_i(x)OTe_% =t \t/\; z
; 12,02 i )
() = eiwne 2™ g7

E(t)~Eoe_iw0t+i¢ g(l) (T) — plwoT

Classical Quantum
O(r) = (E"(WE( + 7)) _ (et @ac+0:)
9 = ROV AE G+ DEC T ONE — {aTa)

Classical
) Quantum
(E*(E@) (:aT (v)a(o):)
(D — — —
SO EoE T @
) :a' a: s called a “normal ordered” operator
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Michelson stellar interferometer: g (7)

We can do a classical calculation since it gives the
same results as the quantum calculation

. Ly ] . 1,7
E, — &tk 4 €kre‘k T1 4 etk 4 €kre‘k T2

(Ek€pr) =0

(I) = {E{Ee) = n2(1Ex ] + 1€ 1))
+n(2(|1Ex|2eimr2) 4 ¢ c.))

+7 <2(|8k, |2etk"(ri=m2) 4 ¢ c, )>

k' k| |k k| |k
Starlight
1 00 101

4

adoasaa

uraned
20U U]
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Michelson stellar interferometer: g (7)

(I) = n(E;Ee) = n(2(1€k1% + 1€ 1)) + n(2(1€x |2 T2 4 c.c.)) + 1 <2(|5k,|zeikr.<r1_r2) +cc. ))

Assuming equal intensities from the two sides of the star : |£,|? = |£/1% = I

(I) = 417(1 + cos(k - (rq — rz)) + cos(k’ - (rqy — rz)))

cos(a + b) + cos(a — b) = 2 cos(a) cos(b) ™= cos(a) + cos(B) = 2 cos <C¥ + ﬁ) cos <a - ﬁ)

2 2
(I) =4n (1 + cos (k -; d c(ry — r2)> + cos (k _2 d c(ry— 1‘2))) = 4n (1 + cos <k ; K -(ry — r2)> cos <A7k -(ry — r2)>>
Le \ )
Yfl)
(]5 ¢ TL'I d
| @ A
Fringespacing: m—L, = Te= ¢ =—
A L,

Michelson stellar interferometry is hampered by the rapidly varying cos <kzk’ - (ry — r2)> term !



The Hanburry Brown and Twiss stellar interferometer: g® (1)

\ |
I::} ) A Elect.rolmc
K . | multiplier
E:, E:} 'diij .. Output
DA R ik ik -\ k- k-
k ) {% I, =E{-E; — (Ske‘k ™4 Eretk ’"1) (Ske‘k ™14 etk rl)

I(ry,t) = n{Ef¢E1e) =1 <(|5k|2 +|Ep|? + gltgk’ei(k’_k)'rl) +c C-> I(ry,t) = 1{E; Epp) =1 <(|€k|2 + € |* + 8Z8krei(k’_k)'r2) + . c.>
Iy, 012, 0) = n2(((EI? + 1€ D)2 + 2(1Ek1? + 1€ 1D EER (+)) +EjEiEi Eprel K ) T2l k) T2 4 ¢ ¢ >

z(ei)(eif)z)z oo Kk - k) - TZ)D

= (1€l + 1€ 1D? | 1+
Tk k (2 + 1€ ] 2

)= (5]

2(EiNErr) Ak
(I(ry,t)I(ry,t)) x (1 + D cos K?) A1
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The Hanburry Brown and Twiss stellar interferometer: g® (1)

\

<=

w
-

:ﬁ>m;§f>

Electronic
0 r@ “
multlpller -
= 4
; S
= ED e Output e,
K 2 E} e o« i, i, .

The previous calculations were a special case for correlation functions of Gaussian random processes

(E*(ri, t)E(ry, t + 7))
(|E(ry, ) |2YV2(|E(ry, t + 1)|2)1/2

g(l)(rl; ry;T) =

(I(ry, )I(ry,t + 1)) (E*(r, DE(r, OE*(ry, t + DE(ry, t + 7))
(I(rli t)><1(r21 t+ T)) B (lE(rlr t)|2>(|E(r2; t+ T)|2>

\ (EO@OED @t + D)EP (r,t + ED (1, 1))
C{EO @, OED @, ONECO (@t + DED(r,t + 1))

9(2) (ri,ri;7) =

g, r;1)

2
[g(z)(‘rl,rl;r) =1+ |g(1)(r1,r1;r)| ]
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The Hanburry Brown and Twiss stellar interferometer: g® (1)

2) (4 - - {EQ@DEC @t + DEW (r, t + DEW (1, 1))
g (rrT) — (E(—)(r, t)E('l')(r, t))(E(_)(T, t + T)E("')(r, £+ T))

2
Consequence of classical fluctuations (central limit theorem): [g(z) (roryt) =1+ |g(1)(r1,r1;r)| ]

gPrro) =1

A

2 Chaotic light
T [ \¢
& === g@@r,r;0) -1
)

~N

Coherent light

o T/Tc

ﬂﬂ | 2
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Quantum correlation : g¢? (z)

(at(®at(c+va@at + )

2y _
A
2 .
/ Chaotic light
- T
5 = gP(0) > 1
bo N
[ Coherent light
—> 7/T,

ﬂﬂ 1 2

Unlike g (1) which is largely consistent with classical behavior,
the behavior of the normal ordered, gél)(r) can be fundametally distinct from g&”(7)
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Hanburry Brown & Twiss experiment : g((:11) (1)

(&T(t)cff(t + )at)act + T))

(2) —
g () = ——
(ata)?
50:50 beam splitter 'y
D2 E
Phot0n5|:> MR b N Bt E
¢ -
DI E]'j @Slop =
®Start 0.0 1.0 2.0

, Time interval (arb. units)
Couner/timer

Hanburry Brown & Twiss experiment was done with a classical light source as a
Proof of principal for measuring stellar diameters with intensity correlations.
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Unlike g((:lz)(O) > 1, one can have gc(lz)(O)Sl

ATaTAA At aataray ~t A
For a Fock state [n)  g@(0) = (nla'a'aaln) (nla'aa'aln) — (nla'aln)

(nlatan)z n2
n®—n 1 The highly * " 1-ph has g®(0) =
= =1-= e highly “guantum” 1-photon state |1) has g'“/(0) =0
n n

« g@(0)<1 anti-bunched (quantum) light ® o s s s s 0 0 s s

Antibunched light I

0 T
« g@(0)=1 coherent (laser) light oo o oo o se e ’
Coherent (random) light 1
- g@(0)>1 bunched (classical) light = ll_....‘
1 & N a8 » *e 0 L0
Bunched light [ - .
% i AL
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Beware of misconceptions !

The properties g2 (0)<1 and/or sub-Poissonian statistics both indicate quantum light !

But g (0)>1 is not equivalent to super—Poissonian statistics and doesn't necessarily imply "classical light"

The classical theory of g®, g@ (r,r;1) =1+ |gW Gy, 1y T)|2 ,predicts g(@(0) = 2, for coherent light
while quantum theory predicts the correct result of g(2>(0) = 1 for coherent light.

Roy Glauber showed that the quantum theory also predicts g(3)(0) > 1 for “chaotic light”
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Pseudo-probabillity distributions
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Density matrix : 2= zpilt/m (W] Zpi =1

Expectation values : (0) = Tr{p0} = tr{p0} = Y; p; ;|0 ;)

Glauber-Sudarshan quasi-probability distribution, P(«) :

[ p= JP(a)Ia)(cddza ] jP(oc)dZa =1

Tr{p} = jZP(a)(n|a)(a|n)d2a =jP(a) Z(aln)(nla)dza =fP(a)(a|a)d2a = JP(a)dza =1
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Glauber-Sudarshan P(«) the determines the “quantumness” of a distribution :

p= f P(o)|a)ald?a

P(a) >0foralla = «classical » distributions of states

P(a) < 0 for any a and/or more singular than a delta function = quantum light
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Optical equivalence theorem :

Normal ordered operator : éi d Zz nm(a*) (@)™ p= JP(a)Ia)(chza
n m

(: 5:) =Tr{:0:p} =Tr {f ZZ Cnm(@T)"(a)mP(a)la)(chza}
~[P@) ) Cuntal(@!)" @™ @)

_ f P(@)) ) Camlal @) (@™ |a)da

= jP(a)O(N)(a*, a)d*a

[ (:0:) = fP(a)O(N)(a*,a)dza ]
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Finding and using the P(«a) function :

( |2 )

p = jP(a)la)(addza P(a) = enz je'”'z(—u|ﬁ|u)e““*‘”“*d2u (:0:) = fP(a)O(N)(a*, a)d’a

where |u) and | — u) are coherent states
. /

Example : Find Pg(a) for a coherent state |f) ;. =mmm) p = |F){p]

(—u|p) = e_%lulze_%lﬁlz Cu)" B (m|n) = e_%lulze_%l'glz (Cwp)” = e_%lalz_%lﬁlz_u*ﬁ
I vm! n! | n!
m=0n=0 m. n: n=0 .

By = BB

la|?

e 2 —_— elal®e-1817
Ppla) =—; felu' (—u|B)(Blu)e®™ ~H* d?y =

: J eu' (@-P)-ul@’~F) g2y = 52(q — )
T

Since 6%(a — ) = §(Re(a) — Re(B))§(Im(a) — Im(B)) = %f e (@=F)—ula"=F") g2y
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Using the Pg(a) function for coherent light correlation :

Pg(a) = 6%(a — p) for a coherent state |B)

7= (W) = (ata) = [ PN, @d%a = [ 62 plalda = |51’

@latataapy (@)")  [ro)lal*aa
(Blata|p)? — (ata:) (fP(a)lalzdza)z
J 6% (a— P)lal*d*a

N Bl -

g?(0) =

Much different than the naive classical prediction of "g(2)(0) = 2”
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|a|?

P+, (a) function for thermal light e ul? e
Prp(a) = 72 fe U —u| oy |u) e T4 g2y

p—Bwdla _h
Prh = Z b= kgT
g1
1—e Bw

Easier derivation and more instructi D | . A
uctive to put pry, in the form: ppy, = | Py (@) |a)Xa|d?a

. [d?
1= [ = jaxal
ta ata
~ oo 1 _pwadla” Bwala 1 wata ¥ A
— _p Bwdld — _ 5 - _pwa'a
PTh e 2 e 2 — | d?qe 2 |aNale >
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—BwaTa
~ ~ h
Put pry, in the form : Amn = jPTh(a)laXaIdza PTh = = 7——
Z kBT 1 — e_,Bw
R 1 , - wata B wata la) = e 21l z a” In)
b= [ a7 la)ale ™ 2 2,
e_ﬁwgmla)—e_%lalz N (ae_ﬁTw) |n) e_ﬁTwa> — palal’e™f® N (ae_BTw) |n)
n=0 \/m n=0 \/ﬁ " — 1
/ A | Mo = ghoksT _ ]

1 —Bw pw B
PTh =n_zfd2ae"“'2(1‘e Fe) ae_7> <0‘e_7w

—_ _.Bw B(‘) 2 CZZ
_ (1 e — )e szare—|al| aeﬁw(l—e‘ﬁw)la,xarl :%jdzae—%laxal — fPTh(a)laxaldza
| | N S
|

, _Bw : 1 a|?
a = qe 2 dza = eﬁ“)dza [ PTh(a) = —exp <_Q) ]
mn n

Classical light:  Prp(a) > 0 forall
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| |?

P («a) function for thermal light : [pTh(a) iexp<——)] N e
mn n F \ &

g (1)

N
Coherent
g @) \
(ata) 4 32
g@(0) = — | Prn(@)lal*d’a Photon bunching is thus predicted by quantum theory !
Gata:) (g PTh(a)Ialzdza)
.
232 1 |a|2 2 — 10 2., _
Prp(a)|a|*da =—] exp la|?d?a a=|ale d“a = |a|dad
mn n
1 ” |a|?
= —on [ exp( -2 laldlal
mn 0 n
1 (® u
= ?j exp (—:) udu u = |a|? du=2|a|d|a|
nJy n
du
0o t =g dt = —
= ﬁj te tdt =7 n n
0
JPTh(a)|“|4d2a = ﬁzf t2e~tdt = 212 ['(2) =f tZle~tdt
0 0
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Pt () function for thermal light also gives the intensity (&photon) fluctuations
(An)? = (A) + (AD? = 71 + (12) — (I)* = 7 + n?

Since as we saw on the previous page: () = JPTh(a)lalzdza =n (%)= JP(a)|a|4d2a = 272

This result, (An)? = 71 + 712, is of course identical to that found directly with from density matrix of black-body radiation

The fact that, (72) — (f)* = 72 > 0, tells us that black-body radiation doesn't require a quantum description.
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P(a) of “quantum” light is more singular than a delta function (and/or somewhere negative):

|al?
The density matrix of a Fock state, p, = [n}{n] Py(a) = —; fe'”'z(—u|ﬁn|u) e QU —UA” 29,
* n
Al = (—ulh ) = (— _ ot CWW _ g
(—ulpnlu) = (—ulpylu) = (—uln)nu) = e — u) = 2 Z\/_—"”
|ar|? RN ) |ar|? 2n |ar|? 2n
e u'u e 9, 1 e 9,
Pn(a) _ J( ) eau -ua dzu — jeau -ua dZu — 25(2)(6()
2 n! n! da™da*" w? n! da"da**m
g (7
When determining the g (z) of quantum states it is often easier to return to a density matrix calculation: |
(ata > -
na'‘aj . .
@ g J P.(a)|al*d?a < (a'a) s, _ (nlatataaln) n*-n ] K
" (fp (a)lalzdza) (:ata: )%n — (n]ataln)? n2 n
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Squeezed states of light

39



The squeezing operator

Displacement operator : D(a) = exp(ad’ — a*a)

\ \4\\ X#G ussian fluctuations !
10)
Squeezing operator : S(&) = exp(f*c’iz _ gaT,Z)
[¥s) = S(O)
5 ; - St =3$
Both D(a) and S(¢) are unitary operators

@) = D()|0) a = |ale’?
Xo A 1
\’
>
1
2
>
X,
§=ret®
S(=&) =571
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The squeezing operator:  $() = exp(¢*a? — éat?) f=re®  reR

Squeeze operator is unitary . ST(&) = S(=&) = §71(§) Any quantum state may be “squeezed” : |Wg) = S'(E)h/))

. A A R 0 At )
A: = S(&)asSt (&) = acoshr + e?atsinh r

kATE = S(O)atst (&) = afcoshr + e ?asinhr y

We can derive these relations by applying the Baker-Hausdorff Lemma :
}\2 }‘n
eCr A = A+ \[G, A] + E[G‘, G A+ ...+ n—1 G, |GG, .. |G A+ ..
(n t;rmes)
The creation destruction operators satisfy the usual commutation relations : [/Tg,/ﬁg] = cosh?r—sinh?r = 1

We can define a squeezed vacuum : |0g) = $(£)|0)

a0y = 0 = S(&)asT(£)5(6)|0) = A¢|05) =0
41



Uncertainties of the squeezed vacuum ¢ =rel
4 R

a= /Tgcosh r— ew/ﬁgsinh r X
AE|OS> =0
at = ATgcosh r — e‘w/igsinh T
g J

s _ 1. ~t . 1 R . R A

=g (a+a’) (X1), = Z(OS|(AT5cosh r—eATsinhr + Atscoshr — e "9 Agsinh ) [05) = 0
v — 1 A A—l- ~ 1 ~ A A ~ A
T (a-a’) (X2),, = 7(0s|(4Tccosh r — e ATesinh r — Afcosh 7 + e~ Agsinh 7)]05) = 0
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Uncertainties of the squeezed vacuum
4 A

a= /Tgcosh r — ew/ﬁgsinh r
at = ATgcosh r— e‘w/igsinh r
\_ ),
X=1(a+a+) o2 — Lo o N
1=5 Xlzz(da+aT€lT+€laT+&Td)=

(&),
1

= (cosh? r+sinh? r — 2sinh r cosh 1 cos 6)

N 1
(X2) = 2 (cosh? r+sinh 7 + 2sinh 7 cosh 7 cos 6)

S

1 e A " a R U A [~ A ar A
= Z(OS| (ZATL()zAgcosh2 r+ 24;AT¢sinh? r — !¢ [ASAT(; + ATgAE] sinhr coshr — e =10 [AEATE + At A [sinhrcoshr +1 + ) 10,)
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Simpler expressions when taking 8 = 0: £ =re' > r
o . ) 1
a = Agcoshr — Algsinh r X, = E(CAH_ @Jr)
at = /ﬁgcoshr —Agsinhr 1
21
02 1 2 L 12 , - , 1
<X1>o =Z(cosh r+sinh“ r — 2sinh r cosh r)=Z(coshr—smhr) =€ r
V2 2 . . 1 . 1
(XZ)O =Z(cosh r+sinh r + 2sinh r cosh 1) =Z(coshr+smh r)? =Zezr

A€|05>:O
] _e”+e’"
coshr = >
el —e™ T
b =
sinh r 5
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Quadrature squeezing with § = r

X

Il
N =
YammY
Q
+
Q
—+
N—r
<
N
Il

1 1
(AX1)5, = Ze_zr (AX5)5, = Zle

We see that the coherent vacuum satisfies the minimal
uncertainty relation so no quantum rules are violated :

1
AXlAXZ - Z

_ r
AX,=5e

Ax<1
=92

Ax>1
)

AXZ >_

AXZ <_
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Displaced squeezed vacuum state: |, &) = D(a)S(£)|0)

.1 - 1
1=5(@+a") % =(a-a")
The displaced squeezed state can have many photons with X,
- . 1
minimal uncertainty and AX < E

Often called a coherent or “ideal” squeezed state

1
AX]_AXZ - Z
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Time evolution of coherent squeezed states:

(£ @) (E o)

Il'IJ ] | ] ] q{ ]

(}_Bd.; _____ ...... AR | h

0.2f i -mi-mm o

0.0 I 4 | y y 3

% -4 -2 0 2 4 6
X [(A/(mw))"?]




Domains of squeezing

T

(AXT)
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Squeezed states are necessarily non-classical !

fi=y(ata) % =o(a-an) |, &) = D(a)$(£)]0)

@K, = (B = (£))°) = 7+ (- (B = (£))*:) = %{1 ¥ j P(@)da?[a+a" — ((@) + (aﬁ))]z}

l l

(Ax,) = <()?2 B ()?2))2> _ % N <: (%, - <X1>)2 :> _ %{1 + J P(a)da? [“ _ ar <(5l> — <@T>>]2}

AX]_AXZ =

Since the terms in red square brackets [ | are positive definite then (AX;)? < %
requires P(a) < 0 or P(a) more singular than a delta function.

This is the accepted requirement for light to require a qguantum description !
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Balanced homodyne detection
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Detectors in BS Outputs (two input channels)

a, =ta, +ra,

Balanced 50/50 Beam-splitter

R =

sl -

N, = a4a4 = (T*

=—(a!

Nlb—\ l\JIr—\

T =T

=(a

.I_
1

+ R*a})(Ta, + Ray)

Laz)(al + id,)

\+idla, —iala, +a
R =i|R]

.I.
2

a)

51



Output photon number difference

”4=a G, =
Tﬂ3 output R ;
. ) L =dla, =
a Ay &t B 5{14 :: 3
_) _)
D4
input A A A~
P sz Ay = T 1 + R 2 . .
N3 — Ny
&3 == Ra,]_ + T&Z
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Detection of |¥), with coherent state |f8), as a “homodyne” reference beam

. _ 1
1 y = ard, = 5(&1611 +iala, —iala, +ala,)
D3
1
S oata _ Lrata ata 4 oiata o ata
m output 3 = dzd3 = z(alal —la,a, +1a,aq + azaz)
Z
input ::14—Ta1—|—Rag
|f3> =gl .
Fé ¢ i34 = I3 — I, < (in| N3 — N,|in)
Input State ~ta ata
g = —2 (B 1(‘P| (a;% aIa2)|‘P)1|,B)2
in) = |¥)1]|B)2
I} —_— /\-I-/\ /\-I-/\
L =|Ble*” [ = —2 »(B| 1<LIJ| (azal a1a2)|qj)1|,3>2 ]

53



Output photon number difference

18
ém i34 = i3 — iy < (in|N3 — N,|in) = =2 ,(B] 1(LP| (a;rcAh
a:‘ output

= =211 2(B| 1(¥] (ale @ —afe)|W)1B),
_). R
|Z| = 2181 B11B), (%1 (%, x) 1)

input

m—Tm—l—Rag
= 21| (¥ ()? n) w), = —2| |<X n>
|f3> =1l LI X2 ) T¥n Pz,
Input State [in) = [¥)1]|B)
B = |Ble'®
XA ! ip AT l‘P — + ~t
(p+g——(ae —a ) —(acosgo—tasmga—a COSQD ia Sln(p)
(a—a*) (a+aT) _

COS @ —

> sing| = [)?2 cos ¢ — X sin <p]

ala,)|w)|B),
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Measurlng the Quadrature Operator

Noise current ip, (arbitrary units)

=
o
1
°
.

: i i (- $ == : =
’ V= I
0 100 \

Time (ms) \l o..a-«"""‘“

G. Breitenbach et al. Nature 387, 471-475 (1997)

Coherent State

Phase Squeezed State

Amplitude
Squeezed
State

Vacuum
Squeezed
State

>

T
1,(p+§
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Statistics of the squeezed vacuum
4 A

a /Tgcosh r — ew/ﬁgsinh r

E=re

AE|OS> =0
at = ATgcosh r— e‘w/igsinh r

- J

(N>05 = (05|atal0s) = (05| (ATcosh r — e~ Agsinh ) (Ascosh r — €@ AT gsinh 1) | 05)

= (05| —e % Agsinh r(—e'? AT ¢sinh 7)|05) = sinh?r(05| A AT¢|05) = sinh?r

[ (N)OS = sinh?r ]

Since (OS|AScAT5|OS) = (1,|15) =1 alternatively use the commutator to :put things in normal order (OS|A§AT5|05) = (OS|1 + AT5/15|OS) =1
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Statistics of the squeezed vacuum

4 . o . o )
a = Agcoshr — e‘eATgsinh r = Ag ch, — e”gATgshr

E=rett

Aflos) =0

at = AT gcoshr —e lQAgsmh r= ATgch —e leAgSh
\_ ),

flg. = sinh?r
S

P
)
N
S~~~
[l
P
o
@
)
—=
Q»
)
—=
2
o
7]
~N
[l
—_—~
o
@
Q)
—
Q)
—
Q»
&
o
7]
N
_|_
P
o
“_
Q)
_l_
&
o
(7))
N~
|
P
o
e
Q)
—=
Q)
—=
Q)
o
o
(¥
~N~
_|_
P
)
S~~~
Il

(0s]atataalog) + sinh?r
(0s]atataa)os) = (0s](ch, AT — e~¥sh,A)(ATch, — e 9 Ash,.)(Ach, — e ATsh, )(Ach, — e ATsh,)|0g)
= sh2(04]|A(ch, AT — e 9 Ash, )(Ach, — e@ATsh, )AT|0s) = sh(14|(ch, AT — e P Ash, )(Ach, — e ATsh, )| 1)
(ch, AT — e 9 4Ash, )(Ach, — e'ATsh, ) = (ch2ATA — e¥sh,ch, ATAT — e7®sh,.ch,AA + sh2AAT)
= |ch2ATA — e®¥sh,ch, ATAT — ¢7¥sh,ch, AA + sh2(1 + ATA)]

(0s]atataa)os) = shZ(1g|ch?ATA — e'¥sh, ch, ATAT — e""Wsh,ch, AA + sh?(1 + ATA)|1s) = shZ(ch? +2sh?) = shZ(1 +3sh2)

(N?), = (0s|atataalo,) + sinh®r = 3sinh*r + 2sinh?r [Var(N) = (IVZ)O — 7§ = 2y (flp, + 1) > 7, ]
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Statistics of the squeezed vacuum

ANE = (NZ)OS — (N)is = Zﬁos(ﬁos +1)> (ﬁ)os

squeezed vacuum

(V) = sinh?r =0, (aA), = [2m,, (7, +1)

S

(AN)O > [T,

Super-Poissonian distribution forr > 0!

Equality is only achieved whenr = 0!

§=ret®

AE|OS> =0

Poissonian distribution

Ordinary vacuum :
(N), =0 (AN) =0

Coherent state :

(N)a = |a|?> =n (Aﬁ)a = |a| = /A,
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